We show that there is a constraint on the parameter space of two Higgs doublet models that comes from the existence of the stable vortex-domain wall systems. The constraint is quite universal in the sense that it depends on only two combinations of Lagrangian parameters and, at tree level, does not depend on how fermions couple to two Higgs fields. Numerical solutions of field configurations of domain wall-vortex system are obtained, which provide a basis for further quantitative study of cosmology which involve such topological objects.
I. INTRODUCTION
The discovery of the Higgs boson at the Large Hadron Collider (LHC) at CERN [1, 2] proved that the Standard Model (SM) of the elementary particles is an appropriate low-energy effective description of our Universe. Now we are in a position to take a step forward and pursue solutions to problems that are left unanswered by the SM. Those include masses of neutrinos, baryon asymmetry of the Universe, the origin of the dark matter, etc. Currently the Higgs sector of the SM is the experimentally least constrained part. Therefore, it is tempting to extend Higgs sector to accommodate possibilities for solving above mentioned problems.
Two Higgs doublet model (2HDM) [3] , in which the two Higgs doublet fields (Φ 1 , Φ 2 ) are introduced instead of only one, is the most popular extension of the Higgs sector. Many studies have been done to solve problems which can not be addressed by the SM. Two Higgs doublet fields are also required when one considers supersymmetric extension of the SM. 2HDM has four additional scalar degree of freedom in addition to 125 
GeV Higgs boson (h). Those are charged Higgs bosons (H ± ), CP-even Higgs bosons (H) and CP-odd Higgs boson (A)
. These additional scalars can be directly produced at LHC, though there is no signal so far today, placing lower bounds on masses of those additional scalar bosons. Those lower bounds highly depend on parameter choices of 2HDM as well as how SM fermions couple to Φ 1 and Φ 2 since cross section of specific production and decay process crucially depends on those. The situation is similar for bounds obtained from other theoretical and phenomenological constraints [4] [5] [6] . Therefore the constraints on parameters of 2HDM, that are determining masses of additional scalars, are also highly model dependent as well.
The purpose of the study in this paper is to place more universal constraint which is less dependent on the details of model setups. We discuss possible existence of vortices (or cosmic strings) [7, 8] and domain walls (or kinks) in the 2HDM. When stable domain walls exist as solutions of the theory, they must have been created in the early Universe through the Kibble-Zurek mechanism [9] [10] [11] , resulting in the overclosure problem. We use this fact to place constraints on parameters of the 2HDM. Unlike the SM admitting only unstable electroweak Z-strings [12, 13] , 2HDM admits topologically stable Z-strings [14, 15] in addition to unstable non-topological Z-strings [16, 17] . It also admits CP domain walls [18, 19] and membranes [20, 21] . Topological strings are attatched by domain walls or membranes [22, 23] , resembling axion strings [24] , axial strings in dense QCD [25] and topological Z-strings [26] in the Georgi-Machacek model [27] . When a string is attached by a single domain wall, such the domain wall can quantum mechanically decay by creating a hole bounded by the above mentioned string [8, 28] . We point out that whether stable domain walls exist or not depends on only two combinations of model parameters, therefore the cosmological requirement places constraint on these two parameters.
The paper is organized as follows. After we introduce the 2HDM Lagrangian in the next section, we discuss various types of domain walls and membranes that exist in 2HDMs in Sec. III. There, we systematically classify the parameter space of the 2HDMs to five cases, and shape of field configurations of domain walls and membranes will be presented for representative parameters in each case. Some of them correspond to known domain walls and membranes, while there is a new type of membrane which has substructure around the wall (Case IV). In Sec. IV, we discuss the vortex solution in 2HDMs in the case that the model has symmetry under the relative phase U (1) rotation of two Higgs fields. Then in Sec. V, we introduce terms that explicitly breaks above mentioned U (1) symmetry, and discuss the appearance of domain wall-vortex complex system. In Sec. VI, cosmological impact of the existence of stable domain wall-vortex system is discussed, and constraint on the parameter space is obtained. Section VII is dedicated to the conclusion and future prospects.
II. THE MODEL
We introduce two SU (2) doublets, Φ 1 and Φ 2 , both with the hypercharge Y = 1. The Lagrangian which describes the electroweak and the Higgs sectors is written as
Here, B µν and W a µν describe field strength tensors of the hypercharge and the weak gauge interactions with µ (ν) and a being Lorentz and weak iso-spin indices, respectively. D µ represents the covariant derivative acting on the Higgs fields. The most general form of the potential, V (Φ 1 , Φ 2 ), which is consistent with the electroweak gauge invariance is expressed as follows:
The VEV of H is expressed by a diagonal matrix H = e iα diag(v 1 , v 2 ), and the potential can be written by using H as follows:
III. DOMAIN WALLS AND MEMBRANES
In this section, we discuss the relative U (1) phase dependence of the potential and the existence of wall solutions associated with non-trivial winding of the phase. To see this, let us substitute the Higgs fields which have forms shown in Eq. (4) into the relative phase dependent terms in the potential, namely terms proportional to m 2 12 and β 5 :
(− sin ξ cos 2α + cos ξ cos 4α) .
Here, we have defined the angle ξ as follows:
This is a one parameter family of the double sine-Gordon potential. In Fig. 1 (a) , we show the phase dependent part of the potential (the last line in Eq. (9)). In the figure, the darker the color is, the lower the potential is, and the bottom (vacua) of the potential is indicated by thick-solid curves. The local minima (false vacua) are also indicated by thick-dashed lines in the figure. The potential has at most two local maxima. Note that since a field with α = δ (where δ is an arbitrary real value) and that with α = δ + π are physically equivalent up to gauge transformation (π rotation in σ 3 component of SU (2) L gauge transformation), the potential has a periodicity of π in the direction of α. Therefore, we show the potential in the range of −π/2 ≤ α ≤ π/2. Since we defined two Higgs fields in a way that m 2 12 becomes non-negative, ξ takes its value in the range of 0 ≤ ξ ≤ π. In Fig. 1 (b) , we show typical slices of V ξ (α) for α ∈ [−π/2, π/2] with ξ = 0, π/4, π/2, 3π/4 and ξ = π. Depending on the relative importance of m 2 12 term and β 5 term, which is characterized by the angle ξ, the vacuum structure can be classified into the following five cases:
There are two degenerate vacua at α = ±π/4. (See the first panel of Fig. 1 (b) .) The vacuum with α = −π/4 is obtained by applying the CP transformation to the vacuum with α = π/4, and vice versa. Thus, the CP symmetry is spontaneously broken in this case. Since the CP symmetry is a discrete symmetry, and it is broken spontaneously, we expect that there exists domain wall configurations that connect these two different vacua. In the literature, this is often called a CP domain wall [18, 19] . Three panels in the first column in Fig. 2 show an example of domain wall solution. Since the potential has sine-type periodicity in terms of the relative phase, the domain wall solution is similar to that of the sine-Gordon kink. General feature of the CP domain wall is that the CP symmetry is restored on top of the wall.
• Case II: 0 < ξ < tan −1 (4) There are two degenerate vacua at α = ±δ, where δ takes a value in the range of 0 < δ < π/4. (See the second panel of Fig. 1 (b) as a typical example of this case.) Similar to the Case I, the CP symmetry is spontaneously broken, therefore the CP domain wall appears in this case as well. In the second and the third columns in Fig. 2 , we show two types of CP domain wall for the case of ξ = π/4. The reason why there are two types of solutions is because the hight of two energy barriers (at α = 0 and π/2) are different. The second column of Fig. 2 shows the domain wall that crosses lower barrier, while the third column shows that crosses higher barrier.
(a) • Case III: tan −1 (4) ≤ ξ < π − tan −1 (4) There is only one global minimum at α = 0. (See the third panel of Fig. 1 (b) as a typical example of this case.) Since there is no discrete symmetry which is spontaneously broken, there is no domain wall configuration in this region. However, the periodicity of the potential in terms of α provides a sine-Gordon kink-type configuration, or a membrane [20] , that interpolates α = 0 at, say, x = −∞ to α = π at x = ∞. See the fourth column in Fig. 2 for this type of configuration in the case of ξ = π/2. The qualitative difference compared to the domain wall discussed in Cases I and II is that the membrane configuration connects physically the same configuration. (Note that, as we mentioned above, the field with α = π is equivalent to that with α = 0 up to the gauge transformation.) Therefore it can decay to trivial vacuum configuration through quantum tunneling. How it can happen will be discussed later. Another interesting feature of the membrane is that the CP symmetry is locally broken near the membrane. The cosmological impact of the existence of such a local source of CP violation was discussed in Ref. [21] in the context of 2HDM in the Minimal Supersymmetric Standard Model.
• Case IV: π − tan −1 (4) ≤ ξ < π In addition to a global minimum at α = 0, there is a local (metastable) minimum at α = π/2 (or at α = −π/2). (See the forth panel of Fig. 1 (b) as a typical example of this case.) Situation is similar to the Case III in a sense that there exist membrane configurations. The difference is that the membrane has a substructure due to the metastable vacua. This type of membrane has not been discussed in the literature. In the fifth column of Fig. 2 , we show the shape of configuration and energy distribution for this type of membrane solution in the case of ξ = 3π/4.
• Case V: ξ = π Similar to the Cases I and II, there are two degenerate vacua in this case (See the fifth panel of Fig. 1 (b) .): one at α = 0 and the other at α = π/2 (or, equivalently, at α = −π/2). The vacuum field with α = π/2 is obtained by applying the transformation Φ 1 → −iΦ 1 , Φ 2 → iΦ 2 to that with α = 0, and vice versa. This transformation is, up to gauge transformation (π/2 rotation in σ 3 component of SU (2) L gauge transformation), equivalent to a familiar form of Z 2 transfomation: Φ 1 → Φ 1 , Φ 2 → −Φ 2 . Since this Z 2 symmetry is spontaneously broken, we expect the appearance of Z 2 domain wall which divides domains of α = 0 and α = π/2. See the sixth column in Fig. 2 for such domain wall configuration. It should be noted that the shape of the domain wall solution in this case is same as that of the Case I, however, solutions in these two cases are qualitatively different from the perspective of the CP symmetry: unlike the solution in the Case I, in this case, the CP symmetry is maximally broken on the top of the domain wall, while the configuration approaches to the CP symmetric field value away from the wall.
The regions on the β 5 -(2m 2 12 /v 1 v 2 ) parameter space that correspond to each case are shown in Fig. 3 . The shaded area in the figure corresponds to the Case II. The unshaded area is divided into two regions: the right side of the thin dashed line corresponds to the Case III, while left to the thin dashed line corresponds to Case IV. Case I is on the positive β 5 axis indicated by thick solid line, while Case V is on the negative β 5 axis indicated by thick dashed line. The stability of domain walls/membranes, as well as cosmological impact in each case will be discussed later. 
IV. VORTICES AND Z-STRINGS
Now we discuss another type of topological object, vortices, which exist in 2HDMs. To explain it, we first consider the situation that terms proportional to m 2 12 and β 5 are absent. In this situation, the potential has an additional U (1) a symmetry which rotates the relative phase of Φ 1 and Φ 2 as
We note that this symmetry is spontaneously broken in the vacuum, and corresponding Nambu-Goldstone (NG) mode appears. Actually, in the limit of m 2 12 = β 5 = 0, the mass of the CP-odd Higgs, m A , vanishes, suggesting that the CP-odd Higgs field is identified with this NG mode.
In Ref. [14] it was pointed out that thanks to this extra U (1) a symmetry, topologically stable vortices, or cosmic strings, with Z fluxes can exist in 2HDMs. The topological stability is guaranteed by the nontrivial homotopy π 1 (U (1) a ) = Z. To describe the Z strings, let us take W 
Now, it is easy to observe two different kinds of Z strings for a generic choice of the parameters (with m 2 12 = β 5 = 0). The one which we call the (1, 0)-string parallel to the x 3 axis is given by
with x 1 + ix 2 = re iθ . The other which we call the (0, 1)-string is given as
The boundary conditions imposed on profile functions are f
(1,0) (∞) = 0. Similar conditions are required for the (0, 1) string. Since vortices wind around the U (1) a symmetry which is a global symmetry, they are global cosmic strings having logarithmically divergent tension in infinite space. Here, the ansatz for the Z i is determined in such a way that the logarithmic divergence from the kinetic term of the Higgs d 2 x Tr(D i HD i H † ) is minimized. Then, the logarithmic divergence of the string tension is the same for both the (1,0) and (0,1) strings as
where Λ is an IR cutoff and the ellipses stand for finite parts. Nature as the global string can directly be seen in the asymptotic behavior, say, H (1,0) at r → ∞:
Thus, we find the global U (1) a phase depends on θ as α = θ 2 . Therefore, the U (1) a phase rotates but only by π when we go once around the (1, 0) string. On the other hand, the Z flux condensed in the string is finite and given by
Note that Φ
= 4π cos θ W /g gives a unit quantized flux of a non-topological Z string while each carries a fractionally quantized flux. Full numerical solutions are presented in Ref. [31] in which physical properties are also discussed in detail.
V. DOMAIN WALL-VORTEX SYSTEM
In the previous section, we have discussed vortex configurations in 2HDMs in a specific situation where U (1) a symmetry is exact, in which case the CP-odd Higgs becomes the NG boson. In order to make the model realistic, we need to give a mass to the CP-odd Higgs boson. This is done by switching on explicit U (1) a breaking terms, namely terms that are proportional to m 2 12 and β 5 . Here, we discuss the effect of these explicit U (1) a breaking terms on the vacuum structure, and show that the domain walls are created around the vortex 3 . Now let us consider how the vortex configuration should behave under the existence of this potential. For this purpose, let us consider the (1, 0)-string solution shown in Eqs. (13) and (14) as an example. (The discussion below can be applied for the case of (0, 1)-vortex in a similar way.) Let us look at the asymptotic behavior of H (1,0) : When we switch on the U (1) a breaking terms, we expect that the phase appearing in the upper-left element of the vortex field configuration depends on the angle coordinate θ non-trivially, rather than a simple linear dependence as Eq. (18) . We denote this θ dependence by a functionθ(θ):Ĥ We expressed the phase function by the product of two rotations, namely U (1) a global rotation
and a U (1) Y gauge rotation. The latter is less important for domain walls (but important for flux and singlevaluedness) since the potential is invariant under this rotation, while the former plays important role since the potential now depends on the U (1) a phase as shown in Eq. (9). When we consider the field configuration on a closed loop around the vortex which is parameterized by θ in the range of 0 ≤ θ ≤ 2π, the single-valuedness of the field requires thatθ(θ) is a continuous function which takes valuesθ(θ = 0) = δ andθ(θ = 2π) = δ + 2π. Here, δ is an arbitrary constant, which is irrelevant for the discussion here thanks to the periodicity of the potential in Eq. (9). Therefore we take δ = −π in the following discussion. Then the U (1) a phase in Eq. (22) takes its value from −π/2 to π/2 along the closed loop. Therefore the shape of potential in Eq. (9) in the range of −π/2 ≤ α ≤ π/2 controls the form of the field configuration around the vortex. Passing a local maximum costs extra energy, which implies that a domain wall bounded by the string appears. Now we divide ξ into two classes of regions as follows:
Region I (Cases I, II and V) : 0 ≤ ξ < tan −1 (4) and ξ = π, Region II (Cases III and IV) : tan −1 (4) ≤ ξ < π.
These are classified by the number of global minimum. When ξ takes a value in Region I (see the first, the second and the fifth panels of Fig. 1 (b) for typical shapes of the potential in Region I), V ξ (α) has two degenerate discrete vacua in the range of −π/2 ≤ α ≤ π/2. This indicates the existence of two domain walls attached to the vortex. Since the height of two local maxima are in general different, the tensions of two domain walls are imbalanced. (See the second panel of Fig. 1 (b) , where the energy distribution of the system for the case of ξ = π/4 is shown.) Therefore, the string is pulled toward the large tension domain wall. The string can be static only for ξ = 0 and π where the two domain walls have the same tension. (See the first and the fifth panels of Fig. 1 (b) .) On the other hand, when ξ takes a value in Region II, the potential has only one global minimum. In this case, only one domain wall appears that attaches to the vortex. (See the third and the fourth panels of Fig. 1 (b) for the cases of ξ = π/2 and 3π/4.) Precisely speaking, when there exists a false vacuum, the domain wall has a substructure that it consists of two constituent domain walls. In Fig. 4 , energy distributions for wall-string systems (on the plane that is orthogonal to the string) for ξ = 0, π/4, π/2, 3π/2, π are shown. Qualitative difference of domain wall-vortex system in two classes of parameter regions makes a significant difference in constraining the model.
VI. COSMOLOGICAL CONSTRAINT ON THE U (1)a BREAKING PARAMETERS
The existence of stable domain walls is problematic since once they are created through the Kibble-Zurek mechanism [9] [10] [11] , they eventually overclose the Universe. In Region I, where the vortex is associated with two domain walls attached to it, those domain walls are stable (See left panel of Fig. 5 for a schematic picture) , therefore cosmologically disfavored. On the other hand, in Region II, since domain walls have boundaries that are made of vortices, domain walls may decay by creating holes bounded by a vortex loop [8, 28] (Fig. 5 right) , therefore it is cosmologically safe. In Fig. 3 , parameter space that corresponds to the Region I is the shaded area (indicated by "Case II") and the thick-solid line (indicated by "Case I") and thick-dashed line (indicated by "Case V"). The parameter space that corresponds to the Region II is unshaded region in the figure. From the discussion above, the parameter space that is allowed by cosmological consideration is the unshaded region. This constraint is quite universal in the sense that it depends only on two parameters in the Higgs sector. It also does not depend on the type of fermion couplings to two Higgs fields at tree level. This is contrasted to existing phenomenological constraints on these parameters, which highly depend on details of model set-up. Let us briefly discuss here the effect of the explicit CP violation. So far we have assumed that m For non-zero values of δ 1 and/or δ 2 , there is always only one global minimum except for the special cases of ξ = 0 and π. Therefore the wall-like objects in 2HDMs are in general unstable. Whether those unstable wall-like objects cause cosmological problem or not is determined by the lifetime of the objects. We expect that the smaller the amount of the explicit CP violation is, the longer the lifetime of the wall-like object is. Since the amount of the CP violation is constrained by various phenomenological requirements, such as electric dipole moment measurements (see, e.g., [30] and references therein), it is interesting to ask whether we can exclude a part of parameter space of 2HDMs by combining cosmological requirement with those phenomenological constraints. For such a study, quantitatively reliable estimate of the lifetime of wall-like objects is necessary. Concrete numerical solutions of wall-vortex system that were obtained in this paper is useful for such estimate, which will be done elsewhere.
VII. CONCLUSION AND OUTLOOK
Two Higgs doublet model is well motivated and the most popular extension of the Higgs sector of the SM. It has four additional scalar degree of freedom which could be detected at future collider experiments. Masses of extra scalar bosons are determined from model parameters, and existing constraints obtained from various phenomenology, such as bound from direct detection experiment at the LHC and precision EW measurements, are in general highly model dependent. In this paper, we showed that we can place a constraint on a certain part of the parameter space in 2HDM from the cosmological requirement that stable domain wall should not exist. The constraint obtained in this paper is quite universal in the sense that it does not depend on a choice of parameters other than m 2 12 and β 5 . It also does not depend on how SM fermions couple to two Higgs fields at tree level.
Numerical solutions of field configurations of domain wall-vortex system have been obtained, which provide a basis for further quantitative study of cosmology involving such topological objects. These solutions will be also important when we consider domain walls in 2HDM as a localized source of CP violation that could explain the baryon asymmetry of the Universe.
In this paper we have also shown that if one considers the model in the allowed region of the parameter space, domain walls were formed at a certain stage of the early Universe, and should have decayed by creating holes bounded by vortices. The remnant of this formation and decay of domain walls could be detected as a specific spectrum of the gravitational waves [32] , which will be studied elsewhere.
